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What can we see from the low energy collision, E < 10 MeV/u

Experiment result: the correlation between the fragment mass and fragment energy
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New isotones at N =126

New Superheavy element

Experiment terminal in HIAF, China



4

Modeling nucleus-nucleus collisions

in generally, this term is the aspect that theorists most want to 
determine, yet it is also the most difficult to determine.

σ (Zf , Nf) =
πℏ2

2μEc.m.

Jmax

∑
J=0

(2J + 1)Pcap(J ) ∑
Z1,N1

P(Z1, N1; J*, E*)W(Z1, N1 → Zf , Nf; J*, E*),
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Different angle to the low energy collision



z′￼= {z − z1, z ≤ 0,
z − z2, z > 0.
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Degree of freedom - static degree of freedom

ρ2
shape(z) =

b2
1 [1−

(z − z1)2

a2
1 ], z ≤ z1,

b2
1 [1−

(z − z1)2

a2
1

(1 + c1z′￼+ d1z′￼2)] 1
(1 + g1z′￼2)

, z1 < z < 0,

b2
2 [1−

(z − z2)2

a2
2

(1 + c2z′￼+ d2z′￼2)] 1
(1 + g2z′￼2)

, 0 < z < z2,

b2
2 [1−

(z − z2)2

a2
2 ], z ≥ z2,

The parametrization originating from the two center shell model (TCSM)

TCSM has some independent parameters

•  :  The distance between the oscillator centers, 


•  : The Ellipsoidal deformations, defined as 


•  :    The mass asymmetry, defined as 


•  :      The neck parameter. The smaller ε is, the thicker the neck

r = z1 − z2
δ1(2) ai /bi − 1
ηA A2 − A1/(A1 + A2)
ε
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Degree of freedom - dynamical degree of freedom

•       :  the charge asymmetry between the left and right side


•         :  the angle between the symmetry axis and the beam direction


•   :  the rotation angle of the left (right) nuclei 

ηZ
θ
φ1(2)
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Degree of freedom

qi = {r, δ1 = δ2, ηA, ηZ, θ, φ1, φ2}

•         :  the distance between two mass center

•    :  the deformation of the left (right) side


•       :  the mass asymmetry between the left and right side


•       :  the charge asymmetry between the left and right side


•         :  the angle between the symmetry axis and the beam direction


•   :  the rotation angle of the left (right) nuclei 

r
δ1(2)
ηA
ηZ
θ
φ1(2)

V. Zagrebaev, A. Karpov, Y. Aritomo, M. Naumenko, and W. Greiner, Phys. Part. Nucl. 38, 469 (2007).

In this model, we consider seven degree of freedom, the collective coordinate include: 

https://doi.org/10.1134/S106377960704003X
https://doi.org/10.1134/S106377960704003X
https://doi.org/10.1134/S106377960704003X
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Potential energy surface

Then, we connect the diabatic and adiabatic potential energies with a time-dependent 
weighting function  as follows:f(t)

V(q, t) = Vdiab(q)f(t) + Vadiab(q)[1 − f(t)] f(t) = exp(−
t

τDA
), τDA = 10−22s

V. Zagrebaev, A. Karpov, Y. Aritomo, M. Naumenko, and W. Greiner, Phys. Part. Nucl. 38, 469 (2007).

Where  is a set of collective coordinates usedq

https://doi.org/10.1134/S106377960704003X
https://doi.org/10.1134/S106377960704003X
https://doi.org/10.1134/S106377960704003X
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Potential energy surface

Then, we connect the diabatic and adiabatic potential energies with a time-dependent 
weighting function  as follows:f(t)

V(q, t) = Vdiab(q)f(t) + Vadiab(q)[1 − f(t)] f(t) = exp(−
t

τDA
), τDA = 10−22s

V. Zagrebaev, A. Karpov, Y. Aritomo, M. Naumenko, and W. Greiner, Phys. Part. Nucl. 38, 469 (2007).

Where  is a set of collective coordinates usedq

https://doi.org/10.1134/S106377960704003X
https://doi.org/10.1134/S106377960704003X
https://doi.org/10.1134/S106377960704003X
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Potential energy surface - Diabatic potential energy

Vdiab(A, Z; q) = V12(A, Z; q) + M(A1, Z1; δ1) + M(A2, Z2; δ2) − M(AT, ZT; δg.s.
T ) − M(AP, ZP; δg.s.

P ) .

Redistribution of nucleons between separated nuclei changes their binding energies. 
The diabatic potential energy is defined as follows:

The interaction energy of the nuclei

the masses of the reaction fragments

the masses of the entrance channel
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Potential energy surface - Adiabatic potential energy

The adiabatic potential energy is defined as a difference between the mass of the 
whole nuclear system and the ground-state masses of the target and the projectile,

Vadiab(A, Z; q) = M(A, Z; q) − M(AT, ZT; δg.s.
T ) − M(AP, ZP; δg.s.

P ) .

the masses of the entrance channel

the mass of the whole nuclear system

The standard macro-microscopic model is often used for calculation of 
the total mass:

M(A, Z; q) = Mmac(A, Z; q) + δE(A, Z; q) .

•  is macroscopic liquid-drop mass


•  is the microscopic shell correction by Strutinsky shell-correction method
Mmac(A, Z; q)
δE(A, Z; q)
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Potential energy surface - Adiabatic potential energy
Mmac(A, Z; ⃗q ) ∣nZ=nA

= mpZ + mnN

−av(1 − kvI2)A + as(1 − ksI2)BN( ⃗q )A2/3

+
3
5

e2Z2

r0A1/3
BC( ⃗q ) −

3
4

e2

r0 ( 9Z4

4π2A )
1/3

+f(kFrp)
Z2

A
− ca(N − Z )

+a0

+W ( | I | + {1/A, Z and N equal and odd
0, otherwise )

+

Δp + Δn − δnp, Z and N odd
Δp, Z odd and N even
Δn, Z even and N odd
0, Z and N even

−aelZ2.39 .

mass excesses of Z hydrogen atoms and N neutrons

volume energy， surface energy

Coulomb energies，the Coulomb exchange correction

the proton form-factor correction，the charge-asymmetry energy

the constant term

the Wigner energy

the average pairing energy

the energy of bound electrons

nZ = nA nZ ≠ nA
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Potential energy surface - Adiabatic potential energy

Mmac(A, Z; q) ≃ Mmac(A, Z; ⃗q ) ∣ηZ=⟨ηZ⟩ + CηZ

(ηZ − ⟨ηZ⟩)2

2
,

In order to calculate the macroscopic mass for an arbitrary value of ηZ

Mmac(A, Z; q) ≈ Mmac(A, Z; ⃗q )
nZ=nA

− CηZ

(ηA − ⟨ηZ⟩)2

2
+ CηZ

(ηZ − ⟨ηZ⟩)2

2
,

where  is the charge asymmetry providing the minimum of the potential 
energy and  is the stiffness coefficient.

⟨ηZ⟩
CηZ
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Potential energy surface - The Strutinsky method

J. Maruhn and W. Greiner, Z. Phys. A 251, 431 (1972).

H = −
ℏ2 ∇2

2m
+ V(ρ, z) + VLS(r, l, s) + VL2(r, l)

The Hamiltonian of the TCSM in cylindrical coordinates

 can be written as

Vi(ρ, z) ≃
1
2

m0ω2
zi(z − zi)2 +

1
2

m0ω2
ρiρ

2, i = 1,2.

Two-center potential

For a given nuclear shape, the single-particle states

are obtained from

ĤΦα = ϵαΦα, Φ(ρ, z, ϕ) = f(z) g(ρ) h(ϕ) .

so the basis states can be written as |nznρm⟩ .
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Potential energy surface - The Strutinsky method

J. Maruhn and W. Greiner, Z. Phys. A 251, 431 (1972).

The shell correction reflects the deviation of single-particle energy levels from a uniform distribution.
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Equations of motion and nucleon transferEquations of motion and nucleon transfer

Langevin equation
·qi = μij pj, ·pi = Fdriving

i + Ffriction
i + F random

i

• Describing single event shape evolution


qi = {r, δ1 = δ2, θ, φ1, φ2}
pi = {pr, pδ1

= pδ2
, L, l1, l2}

Master equation

∂P(S, t)
∂t

= ∑
S′￼≠S

W(S′￼, S)P(S′￼, t) − W(S, S′￼)P(S, t)

• Describing nucleon transfer evolution

S = {N, Z}
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Equations of motion and nucleon transfer

·qi = μij pj, ·pi = Fdriving
i + Ffriction

i + F random
i

Modeling the time evolution of the nuclear system, we can use the Langevin equation

dpr

dt
= −

∂V
∂r

− ∑
j,k

pj pk

2
∂μjk

∂r
+

ℏ2l2

2ℑ2
12

∂ℑ12

∂r
+ ∑

i=1,2

ℏ2l2
i

2ℑ2
i

∂ℑi

∂r
− ∑

j,k

γrjμjk pk + ∑
j

grjΓj

dpδ1

dt
= −

∂V
∂δ1

− ∑
j,k

pj pk

2
∂μjk

∂δ1
+

ℏ2l2

2ℑ2
12

∂ℑ12

∂δ1
+

ℏ2l2
1

2ℑ2
1

∂ℑ1

∂δ1
− ∑

j,k

γδ1 jμjk pk + ∑
j

gδ1 jΓj

dpδ2

dt
= −

∂V
∂δ2

− ∑
j,k

pj pk

2
∂μjk

∂δ2
+

ℏ2l2

2ℑ2
12

∂ℑ12

∂δ2
+

ℏ2l2
2

2ℑ2
2

∂ℑ2

∂δ2
− ∑

j,k

γδ2 jμjk pk + ∑
j

gδ2 jΓj

dl
dt

ℏ = −
∂V
∂θ

− γtang ( ℏl
ℑ12

Rc.m. −
ℏl1
ℑ1

R (1)
c.m. −

ℏl2

ℑ2
R (2)

c.m.) Rc.m. + Rc.m. γtangT Γtang

dl1
dt

ℏ = −
∂V
∂φ1

+ γtang ( ℏl
ℑ12

Rc.m. −
ℏl1
ℑ1

R (1)
c.m. −

ℏl2

ℑ2
R (2)

c.m.) R (1)
c.m. − R (1)

c.m. γtangT Γtang

dl2

dt
ℏ = −

∂V
∂φ2

+ γtang ( ℏl
ℑ12

Rc.m. −
ℏl1
ℑ1

R (1)
c.m. −

ℏl2

ℑ2
R (2)

c.m.) R (2)
c.m. − R (2)

c.m. γtangT Γtang
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V. Zagrebaev, A. Karpov, Y. Aritomo, M. Naumenko, and W. Greiner, Phys. Part. Nucl. 38, 469 (2007).

Equations of motion and nucleon transfer

∂P(S, t)
∂t

= ∑
S′￼≠S

W(S′￼, S)P(S′￼, t) − W(S, S′￼)P(S, t)

A master equation is a phenomenological set of first-order  differential 
equations describing the time evolution of (usually) the probability of a system to 
occupy each one of a discrete  set  of  states with regard to a continuous time 
variable t.

The transition probability from the state to another state

Macroscopic transition 
probabilities

Microscopic transition 
probabilities

Diffusion constant Probability of a nucleon transfer

W± = λ0 ⋅ D(q, S) ⋅ Ptr(q, S → S ± 1)

https://doi.org/10.1134/S106377960704003X
https://doi.org/10.1134/S106377960704003X
https://doi.org/10.1134/S106377960704003X
https://en.wikipedia.org/wiki/Differential_equations
https://en.wikipedia.org/wiki/Differential_equations
https://en.wikipedia.org/wiki/Probability
https://en.wikipedia.org/wiki/Set_(mathematics)
https://en.wikipedia.org/wiki/Classical_mechanics


20Ptr(R, β, A → A ± 1) = exp(−2k[rc − r0])

The transition probability from the state to another state

Macroscopic transition 
probabilities

Microscopic transition 
probabilities

Diffusion constant Probability of a nucleon transfer

W± = λ0 ⋅ D(q, S) ⋅ Ptr(q, S → S ± 1)
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Equations of motion and nucleon transfer

∂P(S, t)
∂t

= ∑
S′￼≠S

W(S′￼, S)P(S′￼, t) − W(S, S′￼)P(S, t)

A master equation is a phenomenological set of first-order  differential 
equations describing the time evolution of (usually) the probability of a system to 
occupy each one of a discrete  set  of  states with regard to a continuous time 
variable t.

https://en.wikipedia.org/wiki/Differential_equations
https://en.wikipedia.org/wiki/Differential_equations
https://en.wikipedia.org/wiki/Probability
https://en.wikipedia.org/wiki/Set_(mathematics)
https://en.wikipedia.org/wiki/Classical_mechanics
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Modeling nucleus-nucleus collisions
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Modeling nucleus-nucleus collisions

σ (Zf , Nf) =
πℏ2

2μEc.m.

Jmax

∑
J=0

(2J + 1) ∑
Z1,N1

P(Z1, N1; J*, E*)W(Z1, N1 → Zf , Nf; J*, E*),
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Modeling nucleus-nucleus collisions
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Modeling nucleus-nucleus collisions

Capture and non-Capture:

Fusion and non-Fusion:

Px(E, b) =
Nx(E, b)
Ntot(E, b)

, x = cap, fus

σx(E) = 2π∫
bmax

0
b Px(E, b) db
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Modeling nucleus-nucleus collisions  136Xe + 198Pt

Y. X. Watanabe et al., 

 Nucl. Instrum. Methods Phys. Res., Sect. B 317, 752 (2013).

Y. X. Watanabe et al., PRL 115, 172503 (2015)
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Modeling nucleus-nucleus collisions  136Xe + 208Pb

PHYSICAL REVIEW C 86, 044611 (2012)
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Modeling nucleus-nucleus collisions  136Xe + 209Bi

Wenxue Huang et al. Nucl. Phys. Rev. (2017) 
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Y. X. Watanabe et al., 

 Nucl. Instrum. Methods Phys. Res., Sect. B 317, 752 (2013).

Y. X. Watanabe et al., PRL 115, 172503 (2015)

MNT · How to expand the nuclide chart
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MNT · How to expand the nuclide chart
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Summary

• In this work, the coupled master–Langevin (CML) model has been developed to 
describe fusion and multinucleon transfer within a common dynamical framework.

• The calculations further support 136Xe+198Pt as a favorable reaction for producing 
neutron-rich N = 126 isotones. 

Thank you for listening.


ご清聴ありがとうございました。
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Potential energy surface - Adiabatic potential energy
The standard macro-microscopic model is often used for calculation of 
the total mass:

M(A, Z; q) = Mmac(A, Z; q) + δE(A, Z; q) .

•  is macroscopic liquid-drop mass


•  is the microscopic shell correction by Strutinsky shell-correction method
Mmac(A, Z; q)
δE(A, Z; q)

the standard macro-microscopic approach and, in particular, to the case of highly 
deformed mononucleus and/or two separated nuclei leads to an incorrect result
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In particular, the adiabatic potential energy can be calculated as follows:

Potential energy surface - Adiabatic potential energy

Vadiab(A, Z; q) = Vstandard
standard(A, Z; q)B(q) + Vdiab(A, Z; q)[1 − B(q)]

where  is the adiabatic potential energy calculated within the 

standard macro-microscopical approach.

Vstandard
standard(A, Z; q)

B(q) = [1 + exp(
r − Rcontact

adiff
)]−2, adiff = 0.5fm
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The time evolution of the neck degree of freedom ε is considered in the 
same way as the transition from the diabatic to the adiabatic regime.

The entrance and the exit channel potentials are calculated with ε = 1 
(no neck) and with ε = 0.35, respectively.

V(q, t) = Vadiab(q, ε = 1.0)f(t) + Vadiab(q, ε = 0.35)[1 − f(t)]

f(t) = exp(−
t
τε

), τε = 10−22s

Potential energy surface - Adiabatic potential energy
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Equations of motion and nucleon transfer

V. Zagrebaev, A. Karpov, Y. Aritomo, M. Naumenko, and W. Greiner, Phys. Part. Nucl. 38, 469 (2007).

Value Ref

Moretto et. al. Phys. Lett. B (1975) 58 26

Zagrebaev et. al. Nucl. Phys. A (2015) 944, 257.

Karpov et. al. Eur. Phys. J. A (2022) 58:415 * Atot * (T/MeV) * 1016(unit/s)

0.1 * 1022(unit/s)

2πk
R1R2

R1 + R2
, k = 1021(unit/fm/s)

Diffusion constant

W± = λ0
ρ(A ± 1)

ρ(A)
Ptr(R, β, A → A ± 1)

It can be qualitatively assumed to be related to the size of the system and the temperature. 

Therefore, we treat it as a free parameter.

This value is adopted in the model

https://doi.org/10.1134/S106377960704003X
https://doi.org/10.1134/S106377960704003X
https://doi.org/10.1134/S106377960704003X
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Potential energy surface

V. Zagrebaev, A. Karpov, Y. Aritomo, M. Naumenko, and W. Greiner, Phys. Part. Nucl. 38, 469 (2007).

During the nuclear reaction process, we also considered the temperature effect

Emic(q, T ) = Emic(q, T = 0) × exp(
−aT2

Ed
), Ed = 20MeV

https://doi.org/10.1134/S106377960704003X
https://doi.org/10.1134/S106377960704003X
https://doi.org/10.1134/S106377960704003X
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Potential energy surface - Diabatic potential energy

Vdiab(A, Z; q) = V12(A, Z; q) + M(A1, Z1; δ1) + M(A2, Z2; δ2) − M(AT, ZT; δg.s.
T ) − M(AP, ZP; δg.s.

P ) .

Redistribution of nucleons between separated nuclei changes their binding energies. 
The diabatic potential energy is defined as follows:

φ1 φ2

R1( ̂β1, θ1) R2( ̂β2, θ2)

rθ1 θ2

The interaction energy of the nuclei

the masses of the reaction fragments

the masses of the entrance channel
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Potential energy surface - Diabatic potential energy

V12(A, Z; q) = VC
12(A, Z; q) + VN

12(A, Z; q) + Vcent(A, Z; r)

We apply a phenomenon procedure to its calculation:

In the future, I would like to use double folding procedure

VN
12(A, Z; q) ≈ VN(A, Z; r, β0

p , β0
T, θp, θT) =

−V0

1 + exp [(r − RP − RT)/a]

VC
12(A, Z; q) ≈ VC(A, Z; r, β0

P, β0
T, θP, θT) =

Z1Z2e2

R
+ ( 9

20π )
1
2

( Z1Z2e2

R3 )
× ∑

i=P,T

R2
0iβ

0
i P2(cos θi) + ( 3

7π ) ( Z1Z2e2

R3 ) × ∑
i=P,T

R2
0i[β0

i P2(cos θi)]2,

Coulomb potential:

Nuclear potential:


